Abstract. We determine the relationship between the contact structure induced by a fibered knot, K ⊂ S 3 , and the contact structures induced by its various cables. Understanding this relationship allows us to classify fibered cable knots which bound a properly embedded complex curve in the four-ball satisfying a genus constraint. This generalizes the well-known classification of links of plane curve singularities.
Introduction
A well-known construction of Thurston and Winkelnkemper [ThuWin] associates a contact structure to an open book decomposition of a three-manifold. This allows us to talk about the contact structure associated to a fibered knot. Here, a fibered knot is a pair, (F, K) ⊂ Y , such that Y − K admits the structure of a fiber bundle over the circle with fibers isotopic to F and ∂F = K. We denote the contact structure associate to a fibered knot by ξ F,K or, when the fiber surface is unambiguous, by ξ K .
Thus any operation on knots (or Seifert surfaces) which preserves the property of fiberedness induces an operation on contact structures. For instance, one can consider the Murasugi sum operation on surfaces-with-boundary (see [Gab] for definition). In this case, a result of Stallings [Sta] indicates that the Murasugi sum of two fiber surfaces is also fibered (a converse to this was proved by Gabai [Gab] ). The effect on contact structures is given by a result of Torisu: Theorem 1.1. (Theorem 1.3 of [Tor] .) Let (F 1 , ∂F 1 ) ⊂ Y 1 (F 2 , ∂F 2 ) ⊂ Y 2 be two fiber surfaces, and let (F 1 * F 2 , ∂(F 1 * F 2 )) ⊂ Y 1 #Y 2 denote any Murasugi sum. Then ξ F1 * F2,∂(F1 * F2) ≃ ξ F1,∂F1 #ξ F2,∂F2 , where the right-hand side denotes the connected sum of contact structures.
Another operation which preserves fiberedness is cabling, whose definition we now recall. For a knot K ⊂ Y , there is an identification of a tubular neighborhood of K with a solid torus, S 1 × D 2 , and a cable knot is the image of a torus knot living on ∂(S 1 × D 2 ) under this identification. Note that the identification depends on a choice of longitude for K, and we choose the canonical longitude coming from a Seifert surface for K. We denote the (p, q) cable of K by K p,q , with q indicating the linking number of K p,q with K i.e. the number of times the torus knot wraps around the meridian of the tubular neighborhood of K. Thus U p,q = T p,q where U is the unknot and T p,q is the (p, q) torus knot. Throughout we will consider knots, and hence p and q will be relatively prime. We also restrict to the case p > 0. There is no loss of information in doing this, since K p,q = K −p,−q as unoriented knots, and none of our arguments are sensitive to orientation.
In the case now that K is fibered, K p,q will also be fibered. This follows, for instance, from [Sta] though the fibration of Y − K p,q can easily be visualized. Thus it makes sense to ask how the contact structure associated to a fibered knot changes, if at all, upon cabling. The purpose of this note is to answer this question for the case of knots in S 3 . To state the result, recall that contact structures on S 3 are in bijection with the integers plus a distinguished element [Eli1, Eli2] :
The contact structure corresponding to the distinguished element, which we denote ξ std , is the unique tight contact structure. It is obtained as the field of complex lines tangent to the three-sphere, viewed as the boundary of the Stein four-ball in C 2 . The other, overtwisted, contact structures correspond to homotopy classes of two-plane fields on S
3
[Eli1], and are determined uniquely by their Hopf invariant, h(ξ) ∈ Z. We let ξ i denote the overtwisted contact structure with h(ξ i ) = i. In these terms, we have:
3 be a fibered knot of Seifert genus g, and let K p,q denote its (p, q) cable. Then for any p > 0, we have
In particular, ξ Kp,q ≃ ξ std if and only if ξ K ≃ ξ std and q > 0.
Cable knots play a prominent role in the classification of plane curve singularities, where certain iterated torus knots naturally arise (an iterated torus knot is an iterated cable of the unknot). To explain this, let f (z, w) ∈ C[z, w] be a complex polynomial with isolated singularity at the origin (0, 0) ∈ C 2 . Recall that the link of the singularity of f (z, w) is defined to be the knot or link, K f , which comes from the intersection
It is straightforward to show that the isotopy type of K f as a knot or link is well-defined, provided ǫ is sufficiently small. The classification of links of plane curve singularities shows that the only knots which arise in this way are iterated cables of the unknot whose cabling parameters satisfy a positivity condition (see [EisNeu] for a discussion). For example, the (p ′ , q ′ ) cable of the (p, q) torus knot is the link of a singularity precisely when q ′ ≥ p ′ pq + 1. An important property of links of singularities is that they bound smooth complex curves of genus equal to their Seifert genus. Indeed, a small perturbation of f produces a smooth complex curve which can be deformed into the three-sphere without singularities. This surface is a Seifert surface for K f which can be seen to be a fiber in a fibration of S 3 − K f (see [Mil] for more details). While the iterated torus knots which arise as links of singularities are classified, one can relax the condition that the radius of the three-sphere S 3 ǫ be sufficiently small. In this case, the four-ball may contain multiple singular points of a given complex curve. The general case is handled by fixing the radius of the three-sphere and asking: Question 1.3. Which iterated torus knots arise as the intersection of a complex curve V f ⊂ C 2 with S 3 1 , the unit radius three-sphere? Of these, which among them have a Seifert surface which can be isotoped into the four-ball to the piece of the curve, V f ∩ B 4 ?
Drawing on our previous work [Hed1] , Theorem 1.2 answers the second part of the question as a corollary. • K has a Seifert surface which is isotopic to a piece of a complex curve and
In particular, the fiber surface of an iterated torus knot is isotopic to a piece of a complex curve if and only if all the cabling coefficients are positive.
Remark 1.5. The corollary answers a question of Baader and Ishikawa (Question 6.10 of [BaaIsh] ). They asked whether there exists a quasipositive fiber surface, other than a disk, from which we cannot deplumb a Hopf band (see Figure 1 and the associated discussion in Section 2 for relevant definitions). The answer is yes, and an example is provided by the (2, 1) cable of the right-handed trefoil. The proof of the corollary shows that it bounds a quasipositive fiber surface, but it does not deplumb a Hopf band by work of Melvin and Morton [MelMor] .
We prove Theorem 1.2 and Corollary 1.4 in the next section. Theorem 1.2 will be proved by examining the knot Floer homology invariants of cable knots, which we studied in [Hed2, Hed3] . For fibered knots in the three-sphere, these invariants completely determine the contact structure induced by the knot. Corollary 1.4 will follow from a result in [Hed1] which connects a particular Floer invariant or, equivalently, the tightness of the contact structure induced by K, with complex curves.
While Theorem 1.2 cannot be extended in general using the techniques of the present paper, it can be done in the case of three-manifolds, Y 3 , for which the Ozsváth-Szabó contact invariant classifies contact structures on Y 3 (e.g. lens spaces). However, it seems reasonable to expect that the theorem holds for arbitrary three-manifolds. That is, positive cabling should not change the contact structure associated to a fibered knot, while negative cabling has the effect of taking the connected sum with (S 3 , ξ (1−p)(2g−q−1) ). Indeed, this could probably be proved with the rudiments of convex surface theory. We content ourselves here with the case of S 3 since the results follow easily from our previous work on cables. Moreover, our proof serves to highlight the rich geometric content of the knot Floer homology invariants. In particular, we found it surprising that knot Floer homology could be useful in a result such as Corollary 1.4.
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Proof of Theorem 1.2
In this section we prove Theorem 1.2. This is accomplished in two steps. The first is to determine the effect of cabling on the Hopf invariant. The next is to determine whether a cable knot induces the tight contact structure, ξ std . Since contact structures on S 3 are determined by their Hopf invariant and whether they are tight, this will complete the proof. Both tasks can be accomplished with an understanding of the knot Floer homology invariants of cable knots, which we established in [Hed2, Hed3] . The knot Floer homology invariants of a fibered knot K ⊂ S 3 , in turn, determine the Hopf invariant of ξ K and whether ξ K is tight.
Contact structures and knot Floer homology of fibered knots
We begin by briefly describing the algebraic structure of the knot Floer homology invariants and how these invariants determine the contact structure associated to a fibered knot K ⊂ S 3 . To a closed oriented three-manifold, Y , and Spin c structure, s, Ozsváth and Szabó introduced a chain complex CF (Y, s) [OzsSza1] . A null-homologous knot (Y, K) induces a filtration F (Y, K, i) of this chain complex, i.e. there is an increasing sequence of subcomplexes:
For the definition of this filtration see [OzsSza2, Ras1] . The homology of the successive quotients in this filtration are the knot Floer homology groups of (Y, K). In the case of the three-sphere, we denote these groups by
The knot Floer homology groups have the following symmetries (Propositions 3.7 and 3.10 of [OzsSza2] , respectively):
(1)
In the first equation, K denotes the reflection of K (i.e. in a projection, change all crossings simultaneously or, equivalently, consider the image of K under an orientationreversing involution of S 3 ). In [OzsSza3] , Ozsváth and Szabó proved the following:
Proposition 2.1. Let K ⊂ S 3 be a fibered knot, and let g(K) = g denote its Seifert genus. Then
is the Hopf invariant of the contact structure induced by K.
Remark 2.2. This proposition is a combination of Theorem 1.1 and Proposition 4.6 of [OzsSza3] . More precisely, Theorem 1.1 shows that
and Proposition 4.6 shows that the grading of this group is h(ξ K ). Equation (1) then determines the effect of reflection on knot Floer homology (i.e. (−S 3 , K) = (S 3 , K)). Note that each of the aforementioned results generalize to knots in manifolds other than S 3 .
This yields the following property of h(ξ K ), which can also be found in [Rud1] .
Corollary 2.3. The Hopf invariant satisfies h(ξ
, where g is the genus of K.
Proof. Combine Proposition 2.1 with Equations (1) and (2).
The above proposition indicates that the grading on knot Floer homology captures the homotopy class of the contact structure. In the case of the three-sphere, it remains to understand whether a contact structure is tight or overtwisted. To this end, recall that the Floer homology of the three-sphere satisfies
Thus, we can define the following numerical invariant of K, [OzsSza4, Ras1] :
For fibered knots, τ (K) determines whether ξ K is tight or overtwisted. Moreover, it determines whether K arises as the boundary of a properly embedded complex curve
Proposition 2.4. (Proposition 2.1 of [Hed1] .) Let K ⊂ S 3 be a fibered knot and F its fiber surface. Then the following are equivalent:
) K is strongly quasipositive (with F a quasipositive Seifert surface ). (4) F is isotopic to a properly embedded complex curve
Remark 2.5. A strongly quasipositive knot is a knot which bounds a so-called quasipositive Seifert surface. Quasipositive Seifert surfaces, in turn, are those surfaces-with-boundary which are obtained from parallel disks by attaching positive bands. See Figure 1 for examples, and [Hed1] for further details. We have added (4) above, to the equivalences of [Hed1] . However, (3) implies (4) by work of Rudolph [Rud3] , and (4) implies (1) by Theorem 1.5 of [Hed1] .
Thus, to determine the effect of cabling on contact structures, it will suffice to understand the behavior of the grading of the "top group" of knot Floer homology under cabling, together with the behavior of τ (K). We begin with the former.
Behavior of the Hopf invariant under cabling
In this section, we determine the effect of cabling on the Hopf invariant of a fibered knot. We prove the following: Theorem 2.6. Let p > 0, and let K be a fibered knot of genus g. Then we have
Remark 2.7. This result can be derived from a theorem of Neumann and Rudolph [NeuRud1] , proved in a different context. They proved a similar formula for the enhanced Milnor number of a fibered link, which they denote λ(K). Our formula follows from theirs since, after tracing through the definitions of the Hopf invariant and enhanced Milnor number, one finds that λ(K) = −h(ξ K ). Our proof, using Floer homology, is quite different in spirit and follows easily from our previous understanding of the Floer homology of cable knots.
The main tool will be the following result from [Hed2] Proposition 2.8. (Corollary 1.3 of [Hed2] .) Let p > 0 and let K ⊂ S 3 be a knot of Seifert genus g. Then there exists an N > 0 such that for all n > N , the following holds:
Remark 2.9. Note that pg
is the genus of K p,pn+1 .
Propositions 2.1 and 2.8 determine the effect of cabling on the Hopf invariant when q = pn + 1 ≫ 0. An observation of Neumann and Rudolph [NeuRud2] which interprets an arbitrary cable as a Murasugi sum of the (p, ±1) cable and an appropriate torus knot will allow us to take care of the case when q > 0.
Proposition 2.10. (Figure 4 .2 of [NeuRud2] or Figure 1 of [Rud2] .) Assume p > 0. Then K p,q is a Murasugi sum of K p,sgn(q) and T p,q . Here, sgn(q) is the function which is 1 if q > 0 and −1 otherwise.
In the above, the Murasugi sum can be taken to be along minimal genus Seifert surfaces which, for our purposes, will be fiber surfaces.
Proof of Theorem 2.6 when q > 0:
For all sufficiently large n > 0, we have
Here, the first equality follows from Proposition 2.8, the second from Proposition 2.10, and the third from the well-known additivity of the Hopf invariant under Murasugi sum (see, for instance [NeuRud2] ). The fourth equality follows from the fact that any positive torus knot has Hopf invariant 0 (which can be seen, for instance by realizing them all as plumbings of positive Hopf bands). The fifth and six equalities are an application of additivity of Hopf invariant and Proposition 2.10, respectively.
Proof of Theorem 2.6 when q < 0: For all sufficiently large n > 0, we have
The first equality follows from Corollary 2.3, bearing in mind the genus of K p,−pn−1 and the fact that K p,−pn−1 = K p,pn+1 . The second equality follows from the previous case, since pn + 1 > 0. The third equality is an application of Corollary 2.3. Next we have
Here, the first equality comes from Proposition 2.10 and additivity of the Hopf invariant under Murasugi sums. The second equality comes from Corollary 2.3, noting that T p,−pn−1 = T p,pn+1 and 2g(T p,−pn−1 ) = (p − 1)pn. By the same considerations, we have
Solving Equations (3), (4), and (5) for h(ξ Kp,q ) yields
as claimed.
Determination of fibered cable knots which induce ξ std
In this section, we use Proposition 2.4 to determine which cable knots induce the standard tight contact structure on S 3 . We prove the following:
Theorem 2.11. Let p > 0, and let K be a non-trivial fibered knot. Then ξ Kp,q ≃ ξ std if and only if ξ K ≃ ξ std and q > 0.
Again, we rely on our previous results concerning the Floer homology of cables. In this case, we call upon Theorem 1.2 of [Hed3] Theorem 2.12. Let K ⊂ S 3 be a knot. Then the following inequality holds for all n,
In the special case when K satisfies τ (K) = g(K) we have the equality,
Proof of Theorem 2.11: Recall that Proposition 2.10 shows that K p,q = K p,sgn(q) * T p,q . Torisu's theorem then implies that ξ Kp,q ≃ ξ K p,sgn(q) #ξ Tp,q . In the case that q < −1, ξ Tp,q is overtwisted, as indicated by the fact that h(ξ Tp,q ) = (p − 1)(−q − 1). Thus K p,q is overtwisted, provided q < −1. Likewise, if q ≥ 1 then ξ Tp,q ≃ ξ std . Thus ξ Kp,q ≃ ξ Kp,1 #ξ std ≃ ξ Kp,1 whenever q ≥ 1.
In light of these remarks, it suffices to understand ξ Kp,±1 . Assume first that ξ K ≃ ξ std . Proposition 2.4 indicates that τ (K) = g(K). The second part of Theorem 2.12 tells us that (for n = 0)
Hence, ξ Kp,1 is tight, by Proposition 2.4. On the other hand, Theorem 2.6 implies
Where the second equality follows from the fact that ξ K ≃ ξ std , by assumption, and hence has vanishing Hopf invariant. Thus, ξ Kp,−1 is overtwisted. This proves Theorem 2.11 in the case that ξ K is tight.
If ξ K is not tight, then τ (K) < g(K) by Proposition 2.4 (note that τ (K) ≤ g(K) by the adjunction inequality for knot Floer homology, Theorem 5.1 of [OzsSza2] ). Theorem 2.12 then shows that
Hence ξ Kp,1 is not tight, by Proposition 2.4. To deal with K p,−1 , note that K p,1 can be changed into K p,−1 by a sequence of (p − 1) crossing changes, each of which change a The middle represents the first surface together with a parallel push-off in a product neighborhood of F . The middle surface is clearly quasipositive and its boundary is the (2, 0) cable link of the trefoil. The third surface is obtained by adding a positive band to the second, and is a quasipositive Seifert surface for the (2, 1) cable of the trefoil.
positive to crossing to a negative. Corollary 1.5 of [OzsSza4] indicates that τ (K) cannot increase under such crossing changes, and hence τ (K p,−1 ) ≤ τ (K p,1 ) < g(K p,−1 ).
Thus ξ Kp,−1 is not tight. This completes the proof.
Proof of Corollary 1.4:
The corollary follows immediately from Theorem 2.11 and Proposition 2.4. Indeed, Proposition 2.4 characterizes fibered knots which induce ξ std as precisely those for which the fiber surface is isotopic to a piece of complex curve. Theorem 2.11 then determines which cable knots induce ξ std .
Though we have proved the theorem and corollary, we think it is interesting to note that if K has a quasipositive Seifert surface, then a quasipositive surface for K p,q can be explicitly constructed for q > 0. Since quasipositive surfaces are isotopic to pieces of smooth complex curves in the four-ball [Rud3] , this indicates that positive cabling is, in some sense, a complex operation.
To construct the aforementioned surfaces, we simply observe that we can "cable" a quasipositive surface, F , by taking p copies of each disk and band used to construct F . See Figure 1 for an illustration. More precisely, we consider a neighborhood, F × [0, 1], of F ⊂ S 3 and take the disjoint surfaces F × {x i } for p distinct points x i ∈ [0, 1], i = 1, .., p. The boundary of the resulting (quasipositive) surface is the (p, 0) cable link on K. To obtain the positive cable knots, we simply attach some more positive bands. Note that this method proves the "if" direction of Theorem 2.11 without appealing to the second part of Theorem 2.12. However, we could not obtain a general proof of the "only if" direction which avoided the use of Theorem 2.12.
